Abstract. Starting from the existence of many supercompact cardinals, we construct a model of ZF C + GCH in which the tree property holds at a countable segment of successor of singular cardinals.
Introduction
Let κ be a cardinal. A κ-tree T is a tree with height κ such that for every α < κ, there are less than κ elements in level α. Moreover, we will assume always that the tree is normal, namely that for every element t ∈ T with limit height the branch {s ∈ T | s < t} determines t, and that for every t ∈ T there are s ∈ T above t at arbitrarily high levels. A branch through T is a subset well-ordered by < T in ordertype κ. As usual T α denotes the set of all elements in T with height α.
Definition 1.1. A κ-tree T is Aronszajn if it has no branches. We say that the tree property holds at κ if there is no κ-Aronszajn tree.
In this paper we will be interested in getting the tree property at a certain segment of successors of singular cardinals. In [1] , Magidor and Shelah showed that the tree property holds (in ZFC) at the successor of a singular limit of strongly compact cardinals. They also showed that it is consistent relative to a large cardinal assumption, slightly above a huge cardinal, that the tree property holds at ℵ ω+1 . This result was later improved by reducing the large cardinal assumption to ω many supercompact cardinals by Sinapova [4] using the diagonal Prikry forcing, and Neeman [2] using the product of ordinary collapse posets. In this paper we extend this result and show that it is consistent, relative to the existence of large cardinals, that the tree property holds at a countable segment of successor of singular cardinals. More precisely, we prove the following:
The first author's research has been supported by a grant from IPM (No. 91030417). In section 2, we will present and quote some technical lemmas that will be used during the proof of the main theorem. Section 3 is devoted to the proof of Theorem 1.2.
Some preservation lemmas
When constructing models of the tree property, especially at successor of singular cardinals, it is sometimes easier to prove that a certain ν + -Aronszajn tree has a cofinal branch in some generic extension of our model. In order to show that this branch exists in the ground model we use preservation lemmas. forces the tree property at sup n<ω µ n + .
Note that the cardinals µ n | n < ω , are preserved by the forcing notion Col(ρ + , <µ 0 ) × Col(µ n , <µ n+1 ) and so sup n<ω µ n + becomes ρ +ω+1 by this forcing.
As indicated in [2] , one can replace the forcing notions of the form Col(µ, <ν) with any µ-closed ν-Knaster forcing notion of cardinality ν. This argument is due to Neeman, and for the completeness of this paper we will show how it works in our case.
We will need to replace the Levy collapse with a forcing that has better projection properties. Let us say that a cardinal γ is strong regular if γ <γ = γ.
Definition 2.3 (Shioya [3]). The Easton collapse E(µ, ν) is the product with Easton support
µ≤γ<ν, γ strong regular Col(µ, γ). 
There is a projection from E(µ 0 , λ) onto the full support product i<ζ E(µ i , ν i ).
Proof. For every α < β < γ regular, γ strong regular, there is a continuous projection from
be such a projection.
is easily seen to be a projection.
We now prove Neeman's theorem when replacing the Levy collapse by the Easton collapse.
The following technical lemma shows that the conditions of [2, Lemma 3.10] are satisfied.
Lemma 2.6. Let κ be indestructible supercompact and let µ < κ be regular. Let P 0 , P 1 be forcing notions, |P 0 | ≤ µ, P 0 is µ.c.c., and P 1 is κ-directed closed. Then in the generic extension by P 0 × E(µ, κ) × P 1 , κ is generically supercompact by a forcing R ∈ V such that R µ , the µ-fold product of R with supports of size < µ, is µ-distributive in the generic extension.
Proof. Let λ ≥ κ be a regular cardinal. Let j :
embedding with critical point κ. In particular, sup j " λ < j(λ). j(E(µ, κ)) ∼ = E(µ, κ) × R where R is the Easton support product of Col(µ, γ) over every γ ∈ [κ, j(κ)) strong regular in M . R is µ-closed in V and R µ ∼ = R. Since j(p) = p for every p ∈ E(µ, κ), in order to extend the elementary embedding j we can pick any M [H]-generic filter for R.
Let κ n | n < ω be an ω-sequence of indestructible supercompact cardinals. Let C = n<ω E(κ ++ n , κ n+1 ). For every n < ω,
By Lemma 2.6, in the generic extension by C for every n > 0 and for every λ ≥ κ n , there is a forcing notion R that adds an elementary embedding with critical point κ n , discontinuity at λ and R κn−1 is κ n−1 -distributive. By the indestructibility of κ 0 , it is still supercompact in the generic extension by C.
We are now ready to apply the general result, [2, Lemma 3.10] and conclude:
Theorem 2.7. Let κ n | n < ω be an ω-sequence of indestructible supercompact cardinals.
There is ρ < κ 0 such that the forcing:
forces the tree property at the successor of sup κ n .
We may note that the cardinals ρ + and κ n , κ
, in particular, it forces sup κ n = ℵ ω .
Getting tree property at many successor of singular cardinals
In this section we prove our main theorem 1.2.
Let S be a set of indestructible supercompact cardinals and assume that otp S = (min S) + .
Let δ = sup S and let κ 0 = min S.
, where acc S is the set of accumulation points of S and S δ ω = {α < δ : cf (α) = ω}, and let us pick for every α ∈ D an ω-sequence s α ⊆ S such that sup s α = α and κ 0 = min s α .
For every α ∈ D, by Theorem 2.7, there is ρ α < κ 0 such that the forcing
forces the tree property at α + . Therefore, there is ρ < κ 0 and S ′ ⊆ D stationary, such that for every α ∈ S ′ , ρ α = ρ.
There is n < ω such that for every club E ⊆ δ,
is the n-th element in the increasing enumeration of s α ). Let n 0 be this natural number.
Using Fodor's lemma again, we may narrow down S ′ and fix the first n 0 elements in s α for every α ∈ S ′ .
Lemma 3.1. Suppose ϑ < ω 1 . Then there exists a closed t ⊆ S ′ of order type ϑ such that α ∈ acc(t) =⇒ α ∈ S ′ and s α ⊆ t.
Proof. We prove the claim by induction on ϑ. We strengthen the induction hypothesis to assert also the for every γ < δ there is t such that also the n 0 + 1-th element of t is at least γ and the first n 0 elements are the fixed first n 0 elements of the sequences s α for α ∈ S ′ .
Let us observe that if t satisfies the conditions of the lemma, then so does any t ′ such that t ⊆ t ′ ⊆ S ′ , and |t ′ \ t| < ℵ 0 with the same first n elements. Therefore, the interesting cases are when ϑ is a limit ordinal.
If ϑ = ϕ + ω, then by the induction hypothesis there is t ′ of order type ϕ, satisfying the conditions of the lemma.
Assume that ϑ is a limit of limit ordinals and let γ 0 < δ. Let us pick α ∈ S ′ such that for every ζ < ϑ and every β < α there is t ⊆ α of order type ζ + 1 satisfying the conditions of the lemma, with t(n 0 + 1) ≥ β. Moreover, s α (n 0 + 1) ≥ γ 0 . Since T is stationary and by the choice of n 0 -this is possible. Let β n | n < ω be the increasing enumeration of s α . Let ζ n | n < ω be a sequence of countable ordinals such that sup ζ n = ϑ.
By induction on n < ω, let t n be a witness for the conditions of the lemma such that otp t n ≥ ζ n , t n+1 (n 0 + 1) > max t n , s α (n), t 0 (n 0 ) ≥ γ 0 and t n ⊆ α. The sequence t = s α ∪ n<ω t n has ordertype ≥ ϑ and satisfies the conditions of the lemma, since acc t = {α} ∪ n<ω acc t n .
We are now ready to prove the main theorem 1.2.
Proof of Theorem 1.2. Let D, s α | α ∈ D and t be as above. Let P t be the forcing notion
and let G t be P t -generic over V . We show that in V [G t ], the tree property holds at all cardinals of the form ℵ α+1 , where α < ϑ is a limit ordinal. The next claim is clear.
Assume α < ϑ is a limit ordinal, so, by choice of t, we have s t(α) ⊆ t. Also let ξ n | n < ω be an increasing sequence of ordinals less than ϑ such that t(ξ n ) = s t(α) (n) (thus ξ 0 = 0).
Also set ξ = sup n<ω ξ n ≤ ϑ. Note that
so in fact ξ = α. Then we can write P t as P t = P t,1 × P t,2 where
But, by Lemma 2.5, for any n < ω, there is a natural projection
and so we have a projection
This induces a projection (in V )
Let us split P t(α) into a product Col(ω, ρ) × Q t(α) where Q t(α) is ρ + -closed. Similarly,
. Let H t,1 be the generic filter G t,1 restricted to Q t,1 .
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The quotient forcing R = P t(α) /G t,1 is isomorphic to Q t(α) /H t,1 . By the continuity of the projection and the closure of the forcing notions, in V [H t,1 ], R is ρ + -closed.
Let H t,2 be a generic filter for P t,2 . Let G α be P t(α) -generic over V with π[G α ] = G t,1 .
Let R ⊆ R and let C ⊆ Col(ω, ρ) be generic filters such that V We close the paper with the following question. 
